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Economic Theory

Instructions: Answer all four questions in Japanese or English. There are four answer
sheets in total. Use the first two sheets for Questions 1-2; answer Question 3 on the
third sheet and Question 4 on the fourth sheet. '

1. Answer all of the following questions on producer theory.

(1) Consider a firm that produces a single good using two types of inputs. The
production function is denoted by f(z1,2s), where z; > 0 is the quantity of
input ¢ = 1,2. The prices of the inputs are 2 for input 1 and 3 for input 2. For
each of the following cases, calculate the minimum cost required to produce 20
units of output.

(la) f(z1,22) = /T1 + 2Tz (20 points)
(Ib) f(z1,22) =21+ 222 (10 points)
(2) Consider the same firm as in the previous question, but suppose that the

production function is f(z1, %) = (2§ + z§)°, where a and b are positive real
numbers.

(2a) Find the conditions on o and b under which the production function
exhibits increasing returns to scale. (10 points).
(2b) Find the conditions on @ and b under which the law of diminishing

marginal rate of technical substitution holds. (15 points)

{(3) Consider a_firm that produces a single good and supplies it to a perfectly
competitive market. The cost function is given by

e(y) = 2y® - 5y® + Ty + 8,

where y > 0 denotes the quantity of output.

(3a} Calculate the optimal output for the firm when the cutput price is 9.
(15 points)

(3b) Calculate the minimum output price at whizh the optimal ocutput is
positive. (15 points)

2. Consider Cournot competition in a duopoly. The demand function in the product
market is D(p) = 2 — 3p, where p is the price. The cost function of firm 1 is
c(y1) = 1yi, and that of firm 2 is ¢(ys) = y2, where y; > 0 denotes the output of
firm 4. Calculate the output of each firm in the Nash equilibrium. (15 points)



Consider a representative agent who maximizes utility over two periods. The
utility function is given by
U =u(c,) ~v(ng) + pu(cy)

where ¢; and ¢; denote consumption in periods 1 and 2, respectively, and n,
represents labor supply in period 1. f € (0,1) is the discount factor. The
function u(*) represents utility from consumption and is twice continuously
differentiable with u(0) =0, uw'(-) > 0, and u”(-) < 0. The function v(-)
represents utility of labor and is twice continuously differentiable with »(0) =
0, v'(-) > 0,and v"() > 0.

Normalize the price of consumption to 1 in both periods. The real wageis w >
0, and the agent works only in period 1. The agent finances consumption in period
2 with savings s > 0 carried over from period 1. Borrowing is not allowed.

(1) Write down the optimization problem of the agent, explicitly including
the budget constraints. (10 points)

(2) Derive the intertemporal optimality condition and the intratemporal
optimality condition, and show the steps you tock to derive them. Then
explain the economic intuition behind each condition. (30 points)

(3) Consider the following two tax schemes.

+Proportional tax : Atax atarateof 7 € (0,1) islevied on labor income,
and the after-tax wage is (1 — T)w.

* Lump-sum tax : A tax of an amount T > 0 is levied in period 1,
independent of income.

Provide an economic explanation of how each tax affects consumption
behavior and labor supply by using the two optimality conditions
obtained in (2). (20 points)

Consider the Permanent Income Hypothesis in relation to consumption behavior.
(1) Briefly explain the Permanent Income Hypothesis and describe the

consumption behavior it implies. (20 points)
(2) Consider an individual with the following consumption behavior.

At date t, it is announced that income will permanently increase starting
from period ¢+ 1. In response to this announcement, an individual
adjusts consumption as follows: '

+ At the announcement date t, consumption rises from ¢; to ¢;.

+ When income actually increases at t + 1, consumption rises further



from ¢, to cg, and then remains at ¢; thereafter.

Is this behavior consistent with the Permanent Income Hypothesis?

+ If you think it is consistent, explain precisely why.

« If you think it is not consistent, state the behavior that the Permanent
Income Hypothesis would predict in this scenario. (20 points)
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_ ¢ L 1
x a@=PX>zq0)= f — exp(—axz)dx
Za

Lo '\/2;

zw | 00 .01 02 03 04 05 06 .07 08 .09

0.0 | .5000 4960 .4920 .4880 .4841 4801 4761 4721 4681 .4641
0.1 | 4602 4562 .4522 4483 .4443 4404 4364 .4325 4286 4247
0.2 | 4207 4168 .4129 .4091 .4052 .4013 .3974 .3936 .3897 .3859
0.3 | .3821 .3783 3745 .3707 .3669 .3632 .3594 .3557 .3520 .3483
0.4 | .3446 .3409 3372 .3336 .3300 .3264 3228 .3192 3156 3121
0.5].3085 .3050 .3015 .2981 .2946 .2912 2877 .2843 .2810 .2776
0.6 |.2743 2705 .2676 .2644 .2611 .2579 .2546 .2514 2483 .2451]
0.7 [ .2420 .2380 .2358 .2327 .2297 2266 .2236 .2207 2177 2148
0.81.2119 .2090 .2061 .2033 2005 .1977 .1949 .1922 1894 .1867
0.9|.1841 .1814 .1788 .1762 .1736 .1711 .1685 .1660 .1635 .1611
1.0 | .1587 .1563 .153%9 .1515 .1492 .1469 .1446 .1423 .1401 .1379
111357 1335 1314 1292 1271 .1251 .1230 .1210 .1190 .1170
12 [.1151 L1131 1112 .1094 1075 1057 .1038 .1020 .1003 .0985
1.3].0968 .0951 .0934 .0918 .0901 .0885 .0869 .0853 .0838 .0823
1.4 |.0808 .0793 .0778 .0764 .0749 .0735 .0721 .0708 .0694 .0681
1.51.0668 .0655 .0643 .0630 .0618 .0606 .0594 .0582 .0571 .0559
1.6 ].0548 .0537 .0526 .0516 .0505 .0495 .0485 .0475 .0465 .0455
1.7 1.0446 .0436 .0427 .0418 .0409 .0401 .0392 .0384 .0375 .0367
1.8 [.0359 .0351 .0344 .0336 .0329 .0322 .0314 .0307 .0301 .0294
1.9 | .0287 .0281 .0274 .0268 .0262 .0256 .0250 .0244 ,.0239 .0233
2.0 .0228 .0222 .0217 .0212 .0207 .0202 .0197 .0192 .0188 .0183
2.1 .0179 .0174 .0170 .0166 .0162 .0158 .0154 .0150 .0146 .0143
22 |.0139 .0136 .0132 .0129 0125 .0122 .011% .0116 .0113 .0110
2.31.0107 .0104 .0102 .0099 .00% .0094 .0091 .0089 .0087 .0084
24 |.0082 .0080 .0078 .0075 .0073 .0071 .0069 .0068 .0066 .0064
2.5 |.0062 .0060 .0059 .0057 .0055 .0054 .0052 .0051 .004% .0048
2.6 1.0047 .0045 .0044 .0043 .0041 .0040 .0039 .0038 .0037 .0036
2.71.0035 .0034 .0033 .0032 .0031 .0030 .0029 .0028 .0027 .0026
2,8 |.0026 .0025 .0024 .0023 .0023 .0022 .0021 .0021 .0020 .0019
2.9.0019 .0018 .0018 .0017 .0016 .0016 .0015 .0015 .0014 .0014
3.0(.0013 .0013 .0013 .0012 .0012 .0011 .0011 .0011 .0010 .0010
3.1].0010 .0009 .0009 .0009 .0008 .0008 .0008 .0008 .0007 .0007
3.2 1.0007 .0007 .0006 .0006 .0006 .0006 .0006 .0005 .0005 .0005
3.31.0005 .0005 .0005 .0004 .0004 .0004 .0004 .0004 .0004 .0003
3.4 1.0003 .0003 .0003 .0003 .0003 .0003 .0003 .0003 .0003 .0002

10 05 025 010 .005 001 .0005 0001 .00001

1.2816  1.6449 1.9600 23263 2.5758 3.0902 3.2905 3.7190 4.2649
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Statistics

- Answer all of the following questions either in English or in Japanese.
- Answer each question on a separate sheet..
- Applicants are authorized to use a calculator lent by our Graduate School.

- Use the statistical tables if necessary.
1. Let the probability density function of random variable X be

2x O<x<1
0  otherwise.

fx(x) = {

Let the conditional probability density function of random variable ¥ given X = x be

L 0<y<x

ﬁmwm={

X
0 otherwise.

Answer the following questions. -

(1) Find the mean and variance of X. (15 points)

(2) Find the joint probability density function of (X, ¥). (15 points)

(3) Find the marginal probability density function and the distribution function of ¥. (15
points}

(4) Find the median of Y. (15 points)

2. Suppose the random variable X satisfies
PX=ky=r1(1-r), k=12,...,
where 0 < r < 1. Answer the following questions.

(1) Find the mean u and variance o of X. You may use the following identities if
needed. (20 points)

0o k-1 _ __ 1
* Xpe kr '= (-7 )2
e T 72 k-1 _ _l4r
R Ek:l k r - (1:‘)3
(2) For a random sample Xi,...,X,, find the maximum likelihood estimator # of . (20
points)

_ 1 n _
(3) Suppose n=320and X = ” Z X; = 5.45 are given. Assume » is sufficiently large and,
, i=1 )
using the central limit theorem, approximate X by N (u, o> /n). Perform a two-sided test

at the significance level 0.05 for the null hypothesis Hy : - 4 = 5. Here, for o~ use the
value obtained by evaluating the result of (1) under the null hypothesis. (20 points)



"~ 3. Consider the following linear regression model:
yi=a+fxpru, i=12,...,n,

where x; is a nonrandom explanatory variable and u; is an error term satisfying the following
properties:

Elu;] =0, E[u?] =% >0, Efuu;] =0fori# j.

Let

F28
B= Z Wiy
i=1

be an estimator of 8, where

X —Xx 1 &
i (i = %)? h
Answer the following questions.

(1) Find the values of 3}, w; and 3.1, w;x;. (20 points)
(2) Find the variance of E The answer can be expressed in terms of w;. (20 points)
(3) Using nonrandom variables d; G = 1,2, ..., n), define an estimator 8 = S (wi +d)y;

of 8. Find the values of 3", d; and X, d;x;, under the condition that B is an unbiased

estimator of 8. (20 points)

(4) Under the condition of (3), find the variance of E The answer can be expressed in terms
of w; and d;. Also, compare the variances of E and E based on the obtained result. (20
points)



Normal distribution: X ~ N(0, 1)

{\\\\\\‘wji_____ | . :
x a=P(X >zq4) = / —exp(———xz)dx
Za

Ze Var 2

" zZo | 00 01 02 03 04 05 .06 07 08 .09

0.0 | .5000 .4960 .4920 .4880 4841 4801 4761 4721 4681 4641
0.1 | 4602 .4562 .4522 4483 .4443 4404 4364 4325 4286 4247
0.2 | 4207 4168 .4129 4091 .4052 4013 .3974 .3936 .3897 .3859
0.3 |.3821 .3783 .3745 3707 3669 .3632 .3594 .3557 .3520 .3483
0.4 |.3446 .3409 .3372 .3336 .3300 3264 .3228 .3192 3156 .3121
0.5 .3085 .3050 .3015 .29081 .2946 .2912 .2877 .2843 2810 .2776
0.6 |.2743 2709 2676 .2644 2611 2579 2546 .2514 2483 .2451
0.7 | .2420 2389 .2358 .2327 .2297 .2266 .2236 2207 2177 2148
0.8 |.2119 .2090 .2061 .2033 .2005 .1977 .1949 .1922 .1894 .1867
0.91.1841 .1814 .1788 .1762 .1736 .1711 .1685 .1660 .1635 .1611
1.0 [.1587 .1563 .1539 .1515 .1492 .1469 .1446 .1423 .1401 .1379
1.1 .1357 .1335 .1314 .1292 .1271 .1251 .1230 .1210 .1190 .1170
1.2 |.1151 1131 .1112 .1094 .1075 .1057 .1038 .1020 .1003 .0985
1.31.0968 .0951 .0934 .0918 .0901 .0885 .0869 .0853 .0838 .0823
1.4 1.0808 .0793 .0778 .0764 .0749 .0735 .0721 .0708 .0694 .0681
1.5 1.0668 .0655 .0643 .0630° .0618 .0606 .0594 .0582 .0571 .0559
1.6 | .0548 .0537 .0526 .0516 .0505 .0495 .0485 .0475 .0465 .0455
1.7 | .0446 0436 .0427 .0418 .0409 .0401 .0392 .0384 .0375 .0367
1.8 |.0359 .0351 .0344 .0336 .0329 .0322 .0314 .0307 .0301 .0294
1.9].0287 .0281 .0274 .0268 .0262 0256 .0250 .0244 .0239 .0233
2.0 [.0228 .0222 .0217 .0212 .0207 .0202 .0197 .0192 .0188 .0183
2.1 1.0179 0174 0170 .0166 .0162 .0158 .0154 0150 .0146 .0143
22(.0139 .0136 .0132 0129 .0125 .0122 .0119 .0116 .0113 .0110
2.3 .0107 .0104 .0102 .0099 .0096 .0094 .0091 .0089 .0087 .0084
2.4 |.0082 .0080 .0078 .0075 .0073 .0071 .0069 .0068 .0066 .0064
2.5.0062 .0060 .0059 .0057 .0055 .0054 .0052 .0051 .0049 .0048
2.6 |.0047 .0045 .0044 .0043 .0041 .0040 .0039 .0038 .0037 .0036
2.7 1.0035 .0034 .0033 .0032 .0031 .0030 .0029 .0028 .0027 .0026
2.8 |.0026 .0025 .0024 .0023 .0023 .0022 .0021 .0021 .0020 .0019
2.9.0019 .0018 .0018 .0017 .0016 .0016 .0015 .0015 .0014 .0014
3.0(.0013 .0013 .0013 .0012 .0012 .0011 .0011 .0011 .0010 .0010
3.11.0010 .0009 .0009 .0009 .0008 .0008 .0008 .0008 .0007 .0007
3.2 1.0007 .0007 .0006 .0006 .0006 .0006 .0006 .0005 .0005 .0005
3.3 |.0005 .0005 .0005 .0004 .0004 .0004 .0004 .0004 .0004 .0003
3.4 [.0003 .0003 .0003 .0003 .0003 .0003 .0003 .0003 .0003 .0002

10 .05 025 .010 005 001 0005 .0001  .00001
1.2816 1.6449 1.9600 23263 2.5758 3.0902 3.2905 3.7190 4.2649




