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1 Introduction

Common ownership, holding shares of firms in a market by outside institutional investors,

has been observed in many industries. For example, in the smartphone industry, an

institutional investor, Vanguard, owns shares of competing firms, Google and Samsung.

In addition, we observe common ownership in the airline and pharmaceutical industries

(Azar et al. 2018), as well as in the automobile and steel industries (Xu et al. 2023).

These observations have led many researchers to focus on common ownership (Chen et

al. 2021; López and Vives 2019; Lømo 2024).

In the literature on common ownership, it is well known that common ownership

harms welfare. This is because common ownership forces firms to consider their rivals’

profits, resulting in less intense competition. In contrast, several studies have challenged

this conventional wisdom by considering various factors (Brito et al. 2020; Chen et

al. 2021; López and Vives 2019; Lømo 2024; Shy and Stenbacka 2020). In line with

these studies, we reconsider the result of common ownership. Our focus is on common

ownership in a vertical market with voluntary cost-reducing investments initiated by

downstream firms.

Voluntary cost-reducing investments initiated by downstream firms have been ob-

served in various industries–for instance, in the smartphone industry.1 Chips are essen-

tial for smartphone production, and Qualcomm is a common chip supplier for Google

and Samsung, both of which manufacture smartphones. Furthermore, Google supports

Qualcomm’s chip development, which makes it easier for Qualcomm to supply chips.

Similarly, Samsung also contributes to Qualcomm’s chip development. In this way, both

Google and Samsung make voluntary investments that reduce Qualcomm’s marginal

cost.

In light of the above situation, we consider the following model. We consider one

1Similarly, the investments have also been observed in the apparel and watch industries (Hamamura
and Zennyo 2021).
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upstream firm and two downstream firms. In the main model, we assume that the up-

stream firm acts as the monopolistic supplier. Actually, Qualcomm has monopoly power

in the upstream chip market, which supplies a critical input for smartphone production

(Arai and Matsushima 2023). Both downstream firms are under common ownership,

and each downstream firm considers the rival downstream firm’s profit in addition to its

own profit. Furthermore, each downstream firm can invest in reducing the marginal cost

of the upstream firm. After that, the upstream firm sells inputs to each downstream

firm, and then the downstream firms compete with each other.

Our findings are as follows. Common ownership improves consumer and total sur-

pluses when the upstream marginal cost without investment is sufficiently high and

cost-reducing investment is sufficiently efficient. The intuition behind this is as follows.

A higher degree of common ownership has two effects on welfare. The first effect is that

competition reduces and thus welfare worsens, which has been observed in previous stud-

ies. Let us call this effect the competition reduction effect. Meanwhile, each downstream

firm considers the profit of its downstream rival firm, leading to more investment to the

upstream firm, which lowers the marginal cost of the upstream firm and thus the input

price. The reduction of the input price eases the double marginalization problem. This

is the second effect and we call it input price effect. We find that the input price effect is

large enough to dominate the competition reduction effect when the upstream marginal

cost without investment (the original upstream firm’s marginal cost) is sufficiently high

and cost-reducing investment is sufficiently efficient. Hence, in our model, we find the

bright side of common ownership, showing that common ownership may increase the

consumer and total surpluses. We also extend our model to a market with two supply

chains and find that our main results are robust.

This study contributes to the literature on non-controlling ownership among compet-

ing firms. This literature includes common ownership and horizontal shareholding. In

the literature, it is well known that horizontal non-controlling ownership reduces compe-
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tition and welfare. However, several studies have challenged this conventional wisdom by

considering various factors: location choice in a Hotelling market (Li and Zhang 2021);

differentiating investment (Fang et al. 2024; Banerjee et al. 2025); free entry (Sato and

Matsumura 2020; Vives and Vravosinos 2025); mixed oligopoly (Xing et al. 2024; Cheng

et al. 2023); firm size heterogeneity (Farrell and Shapiro 1990; Ma et al. 2021); R&D

spillover (López and Vives 2019); endogenous quality (Brito et al. 2020); asymmetric

ownership (Bayona and López 2018); and cost uncertainty (Shy and Stenbacka 2020).

Our study focuses on vertical relationships, which these studies do not consider.

Similar to our study, several papers examine horizontal non-controlling ownership

in vertical markets. Chen et al. (2021) and Lømo (2024) focus on settings with an

upstream monopoly.2 Chen et al. (2021) consider common ownership involving upstream

and downstream firms and show that it can enhance welfare. Lømo (2024) investigates

the role of demand curvature and identifies conditions under which common ownership

increases welfare. Shuai et al. (2022) consider various upstream market structures and

show that the welfare effects of horizontal shareholding depend on the market structure.

None of these studies focus on voluntary cost-reducing investments by downstream firms.

The rest of the paper is organized as follows. Section 2 describes the basic model.

In section 3, we presents main results. Section 4 extends our basic model. Finally, we

provide conclusions in section 5.

2 Basic Model

We consider a vertical market with one upstream firm, firm U , and two downstream

firms, firm Di (i = 1, 2). Firm U produces an input with a marginal cost, cU , and sells

it to the downstream firms at an input price, w. Each downstream firm uses one unit of

the input to produce one unit of the final good sold to consumers. The inverse demand

2In addition, some studies that assume upstream monopoly show that horizontal non-controlling
ownership worsens welfare (Hu et al. 2021; Jin et al. 2024; Monden and Mizuno 2023).
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function for firm Di is as follows:

pi = 1− qi − γqj,

where j = 1, 2 and j ̸= i; pi and qi are the price and quantity of firm Di, respectively;

γ ∈ [0, 1] measures the degree of the product substitutability.

We assume that firm Di can invest to reduce the upstream firm’s marginal cost

cU . We define ei as the investment level of firm Di. Additionally, we suppose that

firm Di incurs the investment cost ke2i /2, where k measures the investment inefficiency.

Therefore, the upstream marginal cost is cU = c − ei − ej, where c < 1 is the marginal

cost without investment. We define the profits of the upstream firm U and downstream

firm Di as follows:

πDi = (pi − w)qi − k
e2i
2
, πU = [w − (c− ei − ej)] (qi + qj).

Furthermore, to guarantee the positive outcomes in the equilibrium and keep a positive

upstream marginal cost, cU , we assume k > k = [(1 + α)(1 + αγ)]/[c(2 + γ + αγ)2].

In our model, we consider common ownership in the downstream market. Following

the literature on common ownership (Chen et al. 2024; López and Vives 2019; Xu et al.

2023), the objective function of each downstream firm is as follows:

VDi = πDi + απDj.

Here, α ∈ [0, 1) denotes the degree of common ownership.

We define consumer, producer, and total surpluses are as follows, respectively.

CS =
q2i + 2γqiqj + q2j

2
, PS = πU + πDi + πDj , TS = CS + PS.

The timing of the game is as follows. At stage 1, firm Di chooses the investment

level ei so as to maximize VDi, which establishes the upstream marginal cost, cU . At

stage 2, firm U sets its input price w. At stage 3, firm Di chooses its quantity qi so as

to maximize VDi. We solve this game using backward induction.
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3 Results

At stage 3, firmDi chooses its quantity qi to maximize VDi. From the first-order condition

∂VDi
/∂qi = 0, we obtain the output qi of this stage as follows:

qi(w) =
1− w

2 + γ + αγ
.

At stage 2, firm U sets its input price w. Substituting qi(w) into πU , the first-order

condition on w leads to the following outcome as

w(ei, ej) =
1 + c− ei − ej

2
.

At stage 1, firm Di chooses the investment level ei to maximize VDi. Substituting the

outcomes in the second and third stages into VDi, the first-order condition on ei yields

e∗i =
(1− c)(1 + α)(1 + αγ)

−2(1 + α)(1 + αγ) + 2k(2 + γ + αγ)2
.

Using the above outcomes, we obtain the input price, profit of each firm, consumer,

producer, and total surpluses in equilibrium as follows:

w∗ =
−2(1 + α)(1 + αγ) + k(1 + c)(2 + γ + αγ)2

2[−(1 + α)(1 + αγ) + k(2 + γ + αγ)2]
,

π∗
Di =

k(1− c)2(1 + αγ)[−(1 + α)2(1 + αγ) + 2k(2 + γ + αγ)2]

8[−(1 + α)(1 + αγ) + k(2 + γ + αγ)2]2
,

π∗
U =

k2(1− c)2(2 + γ + αγ)3

2[−(1 + α)(1 + αγ) + k(2 + γ + αγ)2]2
,

CS∗ =
k2(1− c)2(1 + γ)(2 + γ + αγ)2

4[−(1 + α)(1 + αγ) + k(2 + γ + αγ)2]2
,

PS∗ =
k(1− c)2[−(1 + α)2(1 + αγ)2 + 2k(2 + γ + αγ)2(3 + γ + 2αγ)]

4[−(1 + α)(1 + αγ) + k(2 + γ + αγ)2]2
,

TS∗ =
k(1− c)2[−(1 + α)2(1 + αγ)2 + k(2 + γ + αγ)2(7 + 3γ + 4αγ)]

4[−(1 + α)(1 + αγ) + k(2 + γ + αγ)2]2
.

First, we examine the effect of common ownership on the downstream investment

level. Differentiating e∗i with respect to α, we obtain the following Lemma 1.
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Lemma 1 When the degree of common ownership is higher, downstream firms make

larger cost-reducing investments.

Proof.
∂e∗i
∂α

=
k(1− c)(2 + γ + αγ)[2 + (1 + 3α)γ + (1 + α)γ2]

2[−(1 + α)(1 + αγ) + k(2 + γ + αγ)2]2
> 0.2

The intuition behind Lemma 1 is as follows. With a higher degree of common own-

ership, firm Di considers the profit of its rival firm Dj more. Therefore, firm Di seeks

to increase the profit of firm Dj by increasing its own investment.

Next, differentiating w∗ with respect to α, we obtain Lemma 2.

Lemma 2 When the degree of common ownership is higher, the upstream firm sets a

lower input price.

Proof.

∂w∗

∂α
= −k(1− c)(2 + γ + αγ)[2 + (1 + 3α)γ + (1 + α)γ2]

2[−(1 + α)(1 + αγ) + k(2 + γ + αγ)2]2
< 0.2

The intuition for Lemma 2 is as follows. According to Lemma 2, as common own-

ership progresses, the downstream firms engage in larger cost-reducing investments,

thereby lowering the upstream marginal cost. Consequently, the reduction of the in-

put price mitigates the problem of double marginalization.

Now, we can analyze how common ownership in the downstream market with cost-

reducing investment to the upstream affects the consumer surplus. Differentiating CS∗

with respect to α, we obtain the following proposition.

Proposition 1 Common ownership increases the consumer surplus when the upstream

marginal cost without investment is sufficiently high and downstream cost-reducing in-

vestment is sufficiently efficient: c1 < c < 1 and k < k < k1, where c1 = [(1 + α)γ(1 +
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αγ)]/[2+ (2+ 4α)γ+(1+α)2γ2] and k1 = [2+ (2+ 4α)γ+(1+α)2γ2]/[γ(2+ γ+αγ)2].

Otherwise, common ownership decreases the consumer surplus.

Proof. See Appendix.

Common ownership has two effects on the consumer surplus. The first effect is the

competition reduction effect, where competition becomes less intense. The competition

reduction effect decreases the consumer surplus. However, at the same time, common

ownership promotes downstream cost-reducing investments, as we have seen in Lemma

1. This leads to a lower input price, as shown in Lemma 2, consequently mitigating

the double-marginalization problem. Thus, when considering voluntary cost-reducing

investments by downstream firms, common ownership has a second effect: the input

price effect. This effect is more significant when the upstream marginal cost without

investment is sufficiently high and the investment is sufficiently efficient. Therefore,

common ownership is desirable for consumers because the input price effect dominates

the competition reduction effect.

Next, we analyze the effect of common ownership on the profit of each firm and the

producer surplus. Differentiating π∗
Di, π

∗
U and PS∗ with respect to α, respectively, we

obtain the following Proposition 2.

Proposition 2 (i) Common ownership always increases the downstream firms’ profits.

(ii) Common ownership increases the upstream firm’s profit when the upstream marginal

cost without investment is sufficiently high and the downstream cost-reducing investment

is sufficiently efficient: c2 < c < 1 and k < k < k2, where c2 = [(1+α)γ(1+αγ)]/[4+(3+

7α)γ+(2+3α+α2)γ2] and k2 = [4+(3+7α)γ+(2+3α+α2)γ2]/[γ(2+γ+αγ)2]. Other-

wise, common ownership decreases the upstream firm’s profit. (iii) Common ownership

increases the producer surplus when the upstream marginal cost without investment is suf-

ficiently high and the downstream cost-reducing investment is sufficiently efficient: c3 <

c < 1 and k < k < k3, where c3 = 2(1+α)γ(1+αγ)2/Φ1, k3 = Φ1/[2γ(1+αγ)(2+γ+αγ)2]

8



and Φ1 = 10−2α+(11+22α−5α2)γ+(7+17α+11α2−3α3)γ2+(2+5α+4α2+α3)γ3.

Otherwise, common ownership decreases the producer surplus.

Proof. See Appendix.

The intuition behind Proposition 2 is as follows. First, we consider Proposition

2 (i). As common ownership progresses, competition reduces. As a result, common

ownership is always desirable for the downstream firms. Second, therefore, common

ownership tends to be undesirable for the upstream firm. However, common ownership

causes the downstream firms to invest more aggressively in cost-reducing, as seen in

Lemma 1, and thus it has a positive effect on the upstream firm’s profit. In addition,

this aspect is more pronounced when the upstream marginal cost without investment is

sufficiently high and the downstream cost-reducing investment is sufficiently efficient. In

this situation, common ownership increases the profit of the upstream firm. This is the

intuition behind Proposition 2 (ii). Finally, from the aforementioned discussion, we also

obtain the argument of Proposition 2 (iii).

Finally, we focus on the effect of common ownership on the total surplus. By differen-

tiating TS∗ with respect to α, we have Proposition 3. The intuition behind Proposition

3 is obvious from Propositions 1 and 2.

Proposition 3 Common ownership increases the total surplus when the upstream marginal

cost without investment is sufficiently high and downstream cost-reducing investment is

sufficiently efficient: c4 < c < 1 and k < k < k4, where c4 = (1 + α)γ(1 + αγ)(3 +

γ + 2αγ)/Φ2, k4 = Φ2/[γ(2 + γ + αγ)2(3 + γ + 2αγ)] and Φ2 = 12 − 2α + (15 + 26α −

5α2)γ+(10+23α+12α2−3α3)γ2+(3+7α+5α2+α3)γ3. Otherwise, common ownership

decreases the total surplus.

Proof. See Appendix.

The intuition behind this proposition is the same as that in Proposition 1.
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4 Discussions

In the previous sections, we focused on a monopolist in the upstream market. However,

in some industries (e.g., automobiles and soft drinks), the assumption of an upstream

monopoly may not hold. Therefore, here, we extend our model to examine whether our

main results obtained above also hold considering duopolistic vertical supply chains.

4.1 Model with two supply chains

Specifically, we extend to a model of two identical vertical supply chains, each composed

of a downstream firm Di and its firm-specific upstream input supplier Ui. To produce

one unit of the product, the downstream Di purchases one unit of the input from its

firm-specific upstream supplier Ui at input price wi. The definition of the output, price

and the inverse demand of the final good are the same to the previous section 2, i.e.,

pi = 1− qi − γqj.
3

Here, the downstream firms can only make investments into their firm-specific sup-

pliers’ production technology. We assume that the two supply chains are symmetric

and the original marginal cost of both suppliers is c. To reduce the production cost of

its supplier from c to c − ei, the downstream firm Di incurs the investment cost ke2i /2.

Hence, the profits of the downstream firm and its supplier are πDi = (pi −wi)qi − ke2i /2

and πUi = [wi − (c− ei)]qi, respectively.

Same to the previous sections, we consider common ownership in the downstream

market thus each downstream firm competes in quantity to maximize its total value, i.e.,

the objective function VDi = πDi + απDj . In this case, the consumer surplus is same to

the previous setting, but the total surplus is TS = CS + πDi + πDj + πUi + πUj . To

ensure all the outcomes in the equilibrium and the upstream marginal cost are positive,

3We assume the sufficient condition, γ ∈ [0, 1/2), to keep a not very high degree of product substi-
tutability to avoid zero profit of the upstream firms due to the fierce price competition. We will explain
this assumption later in details.
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we assume

k >
2Φ2

(1 + αγ)[64− 20γ2(1 + α)2 + γ4(1 + α)4]2
= kS, c >

4Φ

Θ
= cS,

where Φ = −16− 4α(1 + α)γ + 2(1 + α)3γ2 + α(1 + α)3γ3 < 0, Θ = −k[8 + 2(1 + α)γ −

(1 + α)2γ2]2[8− 2(1 + α)γ − (1 + α)2γ2] < 0, and the superscript S denotes the case of

duopolistic supply chains.4

The timing of this game is as follows: At stage 1, the downstream firms choose the

level of investments. At stage 2, the upstream suppliers decide input prices simultane-

ously. At stage 3, the downstream firms compete in quantity. We solve this model using

backward induction.

4.2 Results

At stage 3, the downstream firms decide the quantities. Using the first-order condition

∂VDi
/∂qi = 0, we obtain the output of downstream firm i

qSi (wi, wj) =
2− 2wi − (1− wj)(1 + α)γ

4− (1 + α)2γ2
.

At stage 2, the upstream suppliers decide input prices. Substituting of the outputs

obtained in the third stage, the first-order conditions ∂πUi(wi, wj)/∂wi = 0 yield

wS
i (ei, ej) =

8 + 8c− 8ei − (2− 2c+ 2ej + 2α− 2cα + 2ejα)γ − (1 + 2α + α2)γ2

16− γ2(α + 1)2
.

At stage 1, the downstream firms decide the level of investments. Using the outcomes

obtained in the second and third stages, the downstream firm i maximizes the total value

VDi with respect to ei, then we have

eSi =
4(1− c)Φ

Θ− 4Φ
.

Substituting all back, we have the main outcomes in the equilibrium as follows.

4With γ ∈ [0, 1/2) and α ∈ [0, 1), it is easy to find the signs of Φ and Θ are both negative. In
addition, since c < 1, we can get Θ < 4Φ.
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wS
i =

 4Φ + k[32− 16(1 + α)γ − 2(1 + α)2γ2 + (1 + α)3γ3]

(2 + γ + αγ)2[2 + 2c− (1 + α)γ]


4Φ−Θ

,

CSS =
4(1− c)2k2(1 + γ)(2− γ − αγ)2(2 + γ + αγ)2[16− (1 + α)2γ2]2

(4Φ−Θ)2
,

TSS =

4(1− c)2k

 −4Φ2 + k[7 + (1 + 2α)γ − (1 + α)2γ2][64−

20(1 + α)2γ2 + (1 + α)4γ4]2


(4Φ−Θ)2

.

First, we examine how the degree of common ownership affects the downstream

investment and input prices. Differentiating eSi and wS
i with respect to α, respectively,

we get ∂eSi /∂α > 0 and ∂wS
i /∂α < 0. All the proofs are shown in the Appendix. Hence,

we obtain the following results.

Lemma 3 When the degree of common ownership is higher, the upstream firm sets a

lower input price while the downstream firms have a larger cost-reducing investments,

even in the market with two supply chains.

The intuition can be explained as follows. An increase of the investment of a down-

stream firm will reduce its firm-specific upstream supplier’s production cost thus lowers

its input price. Meanwhile, a reduction of the input price of any upstream supplier will

trigger the other one to lower the price, i.e., a price competition between the suppliers

happens. Recall that we set the assumption with upper bound of the degree of prod-

uct substitutability, i.e., γ ∈ [0, 1/2). This is to avoid a much fierce price competition

which leads to zero profit of the upstream firms. As the degree of common ownership

increases, the downstream firms care more about the profits of each other. Therefore,

the downstream firm Di will invest more to lower the cost and then the input price of its

firm-specific upstream supplier, which triggers the other upstream supplier to lower the

input price, then benefiting the profit of the downstream firm Dj. This input price effect
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also mitigates the double marginalization problem. However, the input price competi-

tion between the upstream market will strengthen the incentive for the upstream firms

to lower the input prices. Hence, compared with the case with a monopoly upstream

firm in the previous sections, the input price effect may appear more obvious in the case

with two supply chains.

Then, differentiating CSS with respect to α, we have the following proposition.

Proposition 4 In the market with two supply chains, common ownership increases the

consumer surplus when the downstream cost-reducing investment is sufficiently efficient:

kS < k < k5, where

k5 =

2

 256(1 + 2α) + 128(2− α− 3α2)γ − 16(9 + 16α)(1 + α)2γ2

−8γ3(3− 5α)(1 + α)3 + 8(3 + 4α)(1 + α)4γ4 + 2(1 + α)6γ5 − (1 + α)6γ6


(1− γ − αγ)[64− 20(1 + α)2γ2 + (1 + α)4]2γ4

The intuition is parallel to Proposition 1.

Next, differentiating TSS with respect to α, we have the following proposition.

Proposition 5 In the market with two supply chains, common ownership increases the

consumer surplus when the downstream cost-reducing investment is sufficiently efficient:

kS < k < k6, where

k6 =

4



2048(3 + 10α) + 512[27− α(7 + 34α + 4α2)]γ − 128(1 + α)[71 + α(185 + 68α

−22α2)]γ2 − 32(1 + α)2[231− α(57 + 298α + 6α2)]γ3 + 16(1 + α)3[232 + α(497

+303α− 48α2)]γ4 + 8(1 + α)4[151 + α(14− 151α− 20α2)]γ5 − 4(1 + α)5[153+

α(278 + 147α + 2α2)]γ6 − 2(1 + α)7(2 + α)(23− 8α)γ7 + (1 + α)7[43 + α(53+

20α + 12α2)]γ8 + (1 + α)8[3 + 2α(4 + 3α + α2)]γ9 − (1 + α)10(1− α)γ10


(4− γ − αγ)2(2− γ − αγ)3(1− γ − αγ)(2 + γ + αγ)2(4 + γ + αγ)3[6 + 2αγ − (1 + α)2γ2]
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The intuition is also parallel to Proposition 3.

5 Conclusions

We consider a vertical market with one upstream firm and two downstream firms, where

the downstream firms can invest to reduce the upstream firm’s marginal cost. We show

that common ownership may increase the consumer and total surpluses when the up-

stream marginal cost without investment is sufficiently high and the investment is suffi-

ciently efficient, which reverses the well known result that common ownership tends to

decrease consumer and total surpluses since it reduces competition. We also find our

results are robust even in the market with two supply chains.
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Appendix

A.1 Proof of Proposition 1.

Differentiating CS∗ with respect to α yields the following result:

∂CS∗

∂α
=

(1− c)2(1 + γ)(2 + γ + αγ)k2

 2 + (2 + 4α)γ + (1 + α)2γ2

−k[γ(2 + γ + αγ)2]


2[−(1 + α)(1 + αγ) + k(2 + γ + αγ)2]3

.

From k > k, the denominator is positive. Therefore, the sign of ∂CS∗/∂α is consistent

with that of the square bracket in the numerator. Therefore, we obtain ∂CS∗/∂α > 0

if k < k1 = [2 + (2 + 4α)γ + (1 + α)2γ2]/[γ(2 + γ + αγ)2]. Finally, k1 > k requires

c > c1 = [(1 + α)γ(1 + αγ)]/[2 + (2 + 4α)γ + (1 + α)2γ2]. From the above, we obtain

Proposition 1.2

A.2 Proof of Proposition 2.

First, let us consider Proposition 2 (i). Calculating ∂π∗
Di/∂α, we obtain the following

result.

∂π∗
Di

∂α
=

(1− c)2(1− α)(2 + γ + αγ)k2

 2 + (1 + 5α)γ + α(1 + 3α)γ2

+k[4γ2 + 4(1 + α)γ3 + (1 + α)2γ4]


2[−(1 + α)(1 + αγ) + k(2 + γ + αγ)2]3

.

Therefore, we have ∂π∗
Di/∂α > 0.

Next, we consider Proposition 2 (ii). Calculating ∂π∗
U/∂α leads to the following

result.

∂π∗
U

∂α
=

(1− c)2(2 + γ + αγ)2k2

 4 + (3 + 7α)γ + (2 + 3α + α2)γ2

−k[γ(2 + γ + αγ)2]


2[−(1 + α)(1 + αγ) + k(2 + γ + αγ)2]3

.

Therefore, if k < k2 = [4+(3+7α)γ+(2+3α+α2)γ2]/[γ(2+γ+αγ)2], we obtain ∂π∗
U/∂α >

0. Furthermore, k2 > k requires c > c2 = [(1+α)γ(1+αγ)]/[4+(3+7α)γ+(2+3α+α2)γ2].
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Finally, we consider Proposition 2 (iii). Calculating ∂PS∗/∂α leads to the following

result.

∂PS∗

∂α
=

(1− c)2(2 + γ + αγ)k2



10− 2α + (11 + 22α− 5α2)γ + (7 + 17α

+11α2 − 3α3)γ2 + (2 + 5α + 4α2 + α3)γ3

−k[8γ + (8 + 16α)γ2 + (2 + 12α + 10α2)γ3

+(2α + 4α2 + 2α3)γ4]


2[−(1 + α)(1 + αγ) + k(2 + γ + αγ)2]3

.

Thus, for k < k3 = [10− 2α+ (11+ 22α− 5α2)γ+ (7+ 17α+11α2 − 3α3)γ2 + (2+ 5α+

4α2 + α3)γ3]/[2γ(1 + αγ)(2 + γ + αγ)2] , we have ∂PS∗/∂α > 0. Additionally, k3 > k

requires c > c3 = [2(1+α)γ(1+αγ)2]/[10− 2α+(11+22α− 5α2)γ+(7+17α+11α2 −

3α3)γ2 + (2 + 5α + 4α2 + α3)γ3] . From the above, we obtain Proposition 2.2

A.3 Proof of Proposition 3.

Differentiating TS∗ with respect to α yields the following result.

∂TS∗

∂α
=

(1− c)2(2 + γ + αγ)k2



12− 2α + (15 + 26α− 5α2)γ + (10 + 23α

+12α2 − 3α3)γ2 + (3 + 7α + 5α2 + α3)γ3

−k[12γ + (16 + 20α)γ2 + (7 + 18α + 11α2)γ3

+(1 + 4α + 5α2 + 2α3)γ4]


2[−(1 + α)(1 + αγ) + k(2 + γ + αγ)2]3

.

Therefore, if k < k4 = [12− 2α+ (15 + 26α− 5α2)γ + (10 + 23α+ 12α2 − 3α3)γ2 + (3+

7α+ 5α2 + α3)γ3]/[γ(2 + γ + αγ)2(3 + γ + 2αγ)], we obtain ∂TS∗/∂α > 0. In addition,

k4 > k requires c > c4 = [(1+α)γ(1+αγ)(3+ γ+2αγ)]/[12− 2α+(15+26α− 5α2)γ+

(10 + 23α + 12α2 − 3α3)γ2 + (3 + 7α + 5α2 + α3)γ3]. Thus, we have Proposition 3.2
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A.4 Proof of Lemma 3.

Differentiating eSi with respect to α yields the following result.

∂eSi
∂α

=

4(1− c)

 −Θ[4 + 8α− 6(1 + α)2γ − (1 + α)2(1 + 4α)γ2] + 2kΦ(4− γ − αγ)(2 + γ

+αγ)[8− 30(1 + α)γ + (1 + α)2γ2 + 3(1 + α)3γ3]


(4Φ−Θ)2

.

Combining with our assumptions for positive outcomes, we have ∂eSi /∂α > 0.

Next, differentiating wS
i with respect to α yields the following result.

∂wS
i

∂α
=

2(1− c)γk



4[512(1− 2α)− 256(3 + α− 2α2)γ − 32(1 + α)2(13− 24α)γ2 + 32(1

+α)3(6 + α)γ3 + 32(1 + α)4(1− 2α)γ4 − 4(1 + α)5(7 + 3α)γ5 − 2(1+

α)6(1 + 2α)γ6 + γ7(1− α)(1 + α)7]− k(4− γ − αγ)2(2− γ − αγ)2(4

+γ + αγ)2(2 + γ + αγ)4


(4Φ−Θ)2

.

Combining with our assumptions for positive outcomes, we have ∂wS
i /∂α < 0. Thus, we

have Lemma 4.2

A.5 Proof of Proposition 4.

Differentiating CSS with respect to α yields the following result.

∂CSS

∂α
=

Ψk2


2[256(1 + 2α)− 128(3α2 + α− 2)γ − 16(16α + 9)(α + 1)2γ2 + 8(5α

−3)(α + 1)3γ3 + 8(4α + 3)(α + 1)4γ4 + 2(α + 1)6γ5 − (α + 1)6γ6]

−k(1− γ + αγ)[64− 20(1 + α)2γ2 + (1 + α)4γ4]2


(4Φ−Θ)3

,

where Ψ = 16(1−c)2γ(1+γ)(2−γ−αγ)(2+γ+αγ)[16−(1+α)2γ2]. Combining with our

assumptions for positive outcomes, solving ∂CSS/∂α > 0 for k, we have kS < k < k5,
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where

k5 =

2

 256(1 + 2α)− 128(3α2 + α− 2)γ − 16(16α + 9)(α + 1)2γ2 + 8(5α

−3)(α + 1)3γ3 + 8(4α + 3)(α + 1)4γ4 + 2(α + 1)6γ5 − (α + 1)6γ6


(1− γ − αγ)[64− 20(α + 1)2γ2 + (α + 1)4γ4]2

Thus, we have Propostition 4.2

A.6 Proof of Proposition 5.

Differentiating TSS with respect to α yields the following result.

∂TSS

∂α
=

4(1− c)2k



8γ(4− 6γ − γ2 − 4α3γ2 − 3α2γ(2 + 3γ) + 2α(4− 6γ − 3γ2))(4Φ

−Θ)Φ− 32γ(4− 6γ − γ2 − 4α3γ2 − 3α2γ(2 + 3γ) + 2α(4− 6γ−

3γ2))Φ2 + k[8γ(7 + (1 + 2α)γ − (1 + α)2γ2)(64− 20(1 + α)2γ2+

(1 + α)4γ4)2(4− 6γ − γ2 − 4α3γ2 − 3α2γ(2 + 3γ) + 2α(4− 6γ−

3γ2))− 2(7 + (1 + 2α)γ − (1 + α)2γ2)(40(1 + α)γ2 − 4(1 + α)3γ4)

(64− 20(1 + α)2γ2 + (1 + α)4γ4)(4Φ−Θ) + 2γ(1− γ − αγ)(64

−20(1 + α)2γ2 + (1 + α)4γ4)2(4Φ−Θ) + 16γ(64− 224(1 + α)γ−

60(1 + α)2γ2 + 56(1 + α)3γ3 + 5(1 + α)4γ4 − 3(1 + α)5γ5)Φ2]− k2[4

γ(7 + (1 + 2α)γ − (1 + α)2γ2)(64− 20(1 + α)2γ2 + (1 + α)4γ4)2(64

−224(1 + α)γ − 60(1 + α)2γ2 + 56(1 + α)3γ3 + 5(1 + α)4γ4 − 3(1+

α)5γ5)]


(4Φ−Θ)3

.
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Combining with our assumptions for positive outcomes, solving ∂TSS/∂α > 0 for k, we

have kS < k < k6, where

k6 =

4



2048(3 + 10α) + 512[27− α(7 + 34α + 4α2)]γ − 128(1 + α)[71 + α(185 + 68α

−22α2)]γ2 − 32(1 + α)2[231− α(57 + 298α + 6α2)]γ3 + 16(1 + α)3[232 + α(497

+303α− 48α2)]γ4 + 8(1 + α)4[151 + α(14− 151α− 20α2)]γ5 − 4(1 + α)5[153+

α(278 + 147α + 2α2)]γ6 − 2(1 + α)7(1 + α)(23− 8α)γ7 + (1 + α)7[43 + α(53+

20α + 12α2)]γ8 + (1 + α)8[3 + 2α(4 + 3α + α2)]γ9 − (1 + α)10(1− α)γ10


(4− γ − αγ)2(2− γ − αγ)3(1− γ − αγ)(2 + γ + αγ)2(4 + γ + αγ)3[6 + 2αγ − (1 + α)2γ2]

Thus, we have Proposition 5.2
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