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Appendix A

In this appendix, we specify the price indexes that are defined using the specification of
production functions in the main text. We also derive the demand of home-located final
goods firms for intermediate inputs required in production activities. Further, we specify the
resource constraints in home and foreign intermediate inputs used by home and foreign final
goods firms.

Price indexes

The unit costs of producing home and foreign final goods are shown as follows:
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In Eqs.(A.1) and (A.2), P̃h,t (P̃ ∗
h,t) is the home (foreign) price index that corresponds to a

composite of the inputs produced by domestic market (export) firms in the home intermediate
goods sector, P̃f,t (P̃ ∗

f,t) is the home (foreign) price index that corresponds to a composite of
the inputs produced by export (domestic market) firms in the foreign intermediate goods
sector. The import price indexes of home- and foreign-located final goods firms are given
in Eqs.(A.3) and (A.4), where P̃ PCP

f,t (P̃LCP
f,t ) is the home price index that corresponds to a

composite of the inputs produced by PCP (LCP) export firms in the foreign intermediate
goods sector, and P̃ ∗PCP

h,t (P̃ ∗LCP
h,t ) is the foreign price index that corresponds to a composite

of the inputs produced by PCP (LCP) export firms in the home intermediate goods sector.
In Eqs.(A.5)−(A.7), p̃h,t(zI|D) (p̃∗f,t(z

∗
I|D)) is the home (foreign)-currency price of the input

produced by domestic market firm zI|D (z∗I|D) in the home (foreign) intermediate goods sector,

p̃PCP
f,t (z∗I|X) (p̃LCP

f,t (z∗I|X)) is the home-currency price of the input produced by PCP (LCP)

export firm z∗I|X in the foreign intermediate goods sector, and p̃∗PCP
h,t (zI|X) (p̃∗LCP

h,t (zI|X)) is

the foreign-currency price of the input produced by PCP (LCP) export firm zI|X in the home
intermediate goods sector.

Demand

By solving the final goods firms’ expenditure minimization problem, we can derive the
demand for intermediate inputs required in production activities. To begin with, subject
to Eq.(1), the home-located final goods firm zF |j minimizes ΛtYt(zF |j) = P̃h,tYh,t(zF |j) +

P̃f,tYf,t(zF |j). Thus, the demands of the home-located final goods firm zF |j for Yh,t(zF |j) and
Yf,t(zF |j) are derived as follows:
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Next, let us consider the home-located final goods firm zF |j’s demand for the input produced
by home intermediate goods firm zI|D. Here, a composite of the inputs produced by home
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intermediate goods firms that exist continuously in the interval [0,1
2
] is given by Eq.(2), and

the home-located final goods firm zF |j’s nominal expenditure for the inputs produced by these

firms is formulated as P̃h,tYh,t(zF |j) =
∫ 1

2

0
p̃h,t(zI|D)Yh,t(zF |j, zI|D)dzI|D. Subject to Eq.(2),

the home-located final goods firm zF |j determines Yh,t(zF |j, zI|D) in order to minimize this
expenditure. Thus, the home-located final goods firm zF |j’s demand for the input produced
by home intermediate goods firm zI|D is derived as follows:
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Similarly, the home-located final goods firm zF |j’s demands for the inputs produced by
foreign PCP intermediate goods firm z∗I|X and foreign LCP intermediate goods firm z∗I|X can
be calculated as follows:
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Combining Eqs.(A.8) and (A.10), the home-located final goods firm zF |j’s demand for the
input produced by home intermediate goods firm zI|D is derived in the following exact form:
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Similarly, the home-located final goods firm zF |j’s demands for the inputs produced by
foreign PCP intermediate goods firm z∗I|X and foreign LCP intermediate goods firm z∗I|X are
derived in the exact form as follows:
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Resource constraints

The resource constraints in home and foreign intermediate inputs used by home and foreign
final goods firms are represented as follows:
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where Y ∗
h,t (Y ∗

f,t) is a composite of the inputs produced by export (domestic market) firms in
the home (foreign) intermediate goods sector.

Appendix B

In this appendix, we specify the price indexes that are defined using the specification of
consumption indexes in the main text. We also derive the demand of the home household x
for final goods.

Price indexes

The home and foreign CPIs are shown as follows:
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In Eqs.(B.1) and (B.2), Pt (P ∗
t ) is the CPI of the home (foreign) country, PT,t (P ∗

T,t) is
the home (foreign) price index of final tradable goods, and PN,t (P ∗

N,t) is the home (foreign)
price index of final non-tradable goods. In Eqs.(B.3)−(B.6), Ph,t (P ∗

h,t) is the home (foreign)
price index of the goods produced by home-located final goods firm zF |D (zF |X), Pf,t (P ∗

f,t) is
the home (foreign) price index of the goods produced by foreign-located final goods firm z∗F |X
(z∗F |D), and Ph|f ′sMN,t (P ∗

f |h′sMN,t) is the home (foreign) price index of the goods produced

by home (foreign)-located final goods firm zF |MN (z∗F |MN). In Eqs.(B.7)−(B.10), ph,t(zF |D)

(p∗f,t(z
∗
F |D)) is the home (foreign)-currency price of the goods produced by home (foreign)-

located final goods firm zF |D (z∗F |D), pf,t(z
∗
F |X) (p∗h,t(zF |X)) is the home (foreign)-currency price

of the goods produced by foreign (home)-located final goods firm z∗F |X (zF |X), and ph,t(zF |MN)

(p∗f,t(z
∗
F |MN)) is the home (foreign)-currency price of the goods produced by home (foreign)-

located final goods firm zF |MN (z∗F |MN).
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Demand

Let us consider the optimal consumption demands for Ch,t(zF |D, x), Cf,t(z
∗
F |X , x) and

Ch,t(zF |MN , x). To begin with, the home household x’s expenditure for the sum of CT,t(x)
and CN,t(x) is given as follows:

PtCt(x) = PT,tCT,t(x) + PN,tCN,t(x). (B.11)

Subject to Eq.(B.11), the home household x maximizes Eq.(16). Thus, the demands of the
home household x for CT,t(x) and CN,t(x) are derived as follows:
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(
PT,t

Pt

)−1

Ct(x), (B.12)

CN,t(x) = (1 − δ)

(
PN,t

Pt

)−1

Ct(x). (B.13)

In a similar manner, the optimal demands for Ch,t(x), Cf,t(x) and Ch|f ′sMN,t(x) can be
calculated as follows:
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(
Ph,t

PT,t

)−ρ

CT,t(x), (B.14)

Cf,t(x) = n∗
X,t

(
Pf,t

PT,t

)−ρ

CT,t(x), (B.15)
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)−θ

CN,t(x). (B.16)

Next, let us consider the home household x’s demand for the home final good zF |D. Here,
Ch,t(x) is given by Eq.(19), and the nominal consumption expenditure that corresponds to
Ch,t(x), is defined as Ph,tCh,t(x) ≡

∫ nD,t

0
ph,t(zF |D)Ch,t(zF |D, x)dzF |D. Subject to this defini-

tion, the agent determines Ch,t(zF |D, x) in order to maximize Eq.(19). Thus, the optimal
consumption demand for Ch,t(zF |D, x) is derived as follows:

Ch,t(zF |D, x) =
1

nD,t

(
ph,t(zF |D)

Ph,t

)−θ

Ch,t(x). (B.17)

Similarly, the optimal consumption demands for Cf,t(z
∗
F |X , x) and Ch,t(zF |MN , x) can be

calculated as follows:

Cf,t(z
∗
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∗
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Cf,t(x), (B.18)
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Ch,t(zF |MN , x) =
1

n∗
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(
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)−θ

Ch|f ′sMN,t(x). (B.19)

From Eqs.(B.12), (B.14) and (B.17), the optimal consumption demand for Ch,t(zF |D, x) is
derived in the following exact form:
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(
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Pt

)−1

Ct(x). (B.20)

Similarly, the optimal consumption demands for Cf,t(z
∗
F |X , x) and Ch,t(zF |MN , x) are derived

in the exact form as follows:
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Pt

)−1
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From Eqs.(B.20)−(B.22), the aggregate home consumption demand for goods produced
by the domestic market firm zF |D, which belongs to the home-located tradable sector final
goods firms, the export firm z∗F |X , which belongs to the foreign-located tradable sector final
goods firms and the foreign multinational firm zF |MN , which belongs to the home-located
non-tradable sector final goods firms are given as follows:∫ 1

0

Ch,t(zF |D, x)dx ≡ Ch,t(zF |D) = δ

(
ph,t(zF |D)

Ph,t

)−θ (
Ph,t

PT,t

)−ρ (
PT,t
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)−1

Ct, (B.23)

∫ 1

0
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∫ 1

0

Ch,t(zF |MN , x)dx ≡ (1 − δ)

(
ph,t(zF |MN)

Ph|f ′sMN,t

)−θ (
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)−θ (
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)−1

Ct. (B.25)

Appendix C

This Appendix illustrates the public demand for goods produced by the home-located
domestic market firm zF |D, the foreign-located export firm z∗F |X , and the home-located foreign
multinational firm zF |MN . Using the process of analysis adopted in Appendix B, the public
demand for these goods is derived as follows:

Gh,t(zF |D) = δ

(
ph,t(zF |D)

Ph,t

)−θ (
Ph,t

PT,t

)−ρ (
PT,t

Pt

)−1

Gt, (C.1)
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Gf,t(z
∗
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∗
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)−θ (
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)−ρ (
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)−1

Gt, (C.2)

Gh,t(zF |MN) = (1 − δ)

(
ph,t(zF |MN)

Ph|f ′sMN,t

)−θ (
Ph|f ′sMN,t

PN,t

)−θ (
PN,t

Pt

)−1

Gt. (C.3)

Appendix D

This Appendix illustrates closed form solutions derived in the initial steady state with
G = G∗ = 0, BH = B∗

H = BF = B∗
F = 0 and µ = µ∗ = 1.1

To begin with, from Eq.(30) and its foreign analog, we derive:

W = W ∗ =
ξκ

ξ − 1
. (D.1)

Next, from the two conditions of PC = P ∗C∗ and PT CT = εP ∗
T C∗

T , we derive:

ε = 1. (D.2)

Further, from Eqs.(D.1) and (D.2), and the relationships of p̃∗h(zI|X) = ˆ̃ph(zI|X)/ε, p̃f (z
∗
I|X) =

ε ˆ̃p∗f (z
∗
I|X), p̃h(zI|D) = σ

σ−1
W , p̃∗f (z

∗
I|D) = σ

σ−1
W ∗, ˆ̃ph(zI|X) = p̃h(zI|D) and ˆ̃p∗f (z

∗
I|X) = p̃∗f (z

∗
I|D),

we derive:2

p̃h(zI|D) = p̃∗h(zI|X) = p̃∗f (z
∗
I|D) = p̃f (z

∗
I|X) =

σ

σ − 1

ξκ

ξ − 1
. (D.3)

Moreover, from Eqs.(14), (A.1), (A.2), (A.5), and (D.3), we derive:

Λ = Λ∗ = 2
1

σ−1
σ

σ − 1

ξκ

ξ − 1
. (D.4)

Therefore, from Eqs.(31)−(35), (D.2) and (D.4), we derive:

ph(zF |D) = p∗h(zF |X) = ph(zF |MN) = p∗f (z
∗
F |D) = pf (z

∗
F |X)

= p∗f (z
∗
F |MN) = 2

1
σ−1

θ

θ − 1

σ

σ − 1

ξκ

ξ − 1
. (D.5)

Here, from Eqs.(44), (45), (47), (48), (50), (D.2), and (D.5); the condition PT = εP ∗
T ; and

the definitions of Λt and Λ∗
t we derive:

nD = nX = n∗
D = n∗

X . (D.6)

1The initial steady-state levels of home and foreign money supply are assumed to be M = M∗ = χ(1−β)−1.
2 ˆ̃ph(zI|X)

(
ˆ̃p∗f (z∗I|X)

)
is the predetermined component of the foreign (home)-currency price of input pro-

duced by each home (foreign) export firm in the intermediate goods sector.
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Therefore, from Eqs.(14), (38), (44), (A.5), (D.2), (D.3) and (D.6), we derive:

nD(= nX = n∗
D = n∗

X) =

(
δ

2
2σ−1
σ−1 θ

σ − 1

σ

ξ − 1

ξκ

) 1
1+γ

. (D.7)

Similarly, from Eqs.(14), (46), (49), (A.5), (D.2), and (D.3), the number of foreign (home)
multinational firms among home (foreign)-located final goods firms is derived as follows:

n∗
MN(= nMN) =

(
1 − δ

2
σ

σ−1 θ

σ − 1

σ

ξ − 1

ξκ

) 1
1+γ

. (D.8)

Finally, from Eqs.(14), (23), (44)−(49), (A.5), (A.8), (A.9), and (D.4)−(D.8), ΠF (zF |j) =
phY (zF |j)

θ
, and their foreign analogs, the home and foreign labor services are derived as follows:

` = `∗ =
σ − 1

σ

ξ − 1

ξκ
. (D.9)
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