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5.7.2 Lyapounov’s Theorem
Let us consider a differential equation of the form:
& = F(x), (5.13)

where F'(+) is an n-dimensional vector valued function which is continuous
on z € R™ and an initial value x(0) is given. z* is called an equilibrium
if it satisfies F(z*) = 0. We denote a solution to (5.13) with the initial
value y € R™ by z(t,y),t € [0, 00).

00 5.4 ( Global Asymptotic Stability) Let F(x) of (5.13) be con-
tinuously differentiable on the whole R™ space and let V (-) be continuously
differentiable real-valued function on R™ such that V(x) > 0,V (z) < 0
for x € R™ and V(z) — oo as |z| — oo. Then all solutions of & =
F(zx) exist on [0,00) and bounded, and if there exists a unique point xg
such that V(xo) =0, this xg is globally asymptotically stable.[Brock and
Malliaris(1989, Theorem 4.2, page 116)]

Note that

dcf
Z 3333

We do not prove the above theorem.?° We prove here more simple theo-

rem. We assume that :

20This theorem is taken from Brock and Malliaris Differential Equations, Stability
and Chaos in Dynamic Economics, (1989, North-Holland, Amsterdam).
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00 5.1 The solution z(t,x(0)),t € [0,00) exists and is unique and con-

tinuous with respect to the choice of initial value x(0) as well as t.

00 5.1 A function V : R™ — R is called a Lyapounov function on
C (CcR")if

(a) V is continuous in R™,

(b) Vz(0) € C, V(z(t,z(0))) converges,

(c) if {V(2(0))} = {V(z(t,z(0))) | t € [0,00)} then x(0) is an equilibrium.

Here we shall prove Lyapounov’s Theorem which is stated as follows:

00 5.5 (Lyapounov’s Theorem) Let z* be an equilibrium of F(x).
Let x(t,z(0)) be a solution to (5.13). Suppose there exists a compact set
C in R™ such that

(1) {z(t,z(0)) |t €[0,00)} C C, for all (0) € C.
Suppose that there exists a function V(x) satisfying

(ii) V(z) >0 for any x € C and V(z) =0 iff z = ¥,
(i) V(z) < 0 if x # «*

then the function V is a Lyapounov function on the compact set C and
the solution to (5.13) is globally stable.?!

Proof The conditions (a), (b) and (c¢) hold because of the continuity
assumption, (ii) and (iii).

Let x(0) be an any point in C. Then we see by (b):
Vz(0) € C ™ e Ry tlim V(t,z(0)) = v™.

We can assume v* € V(C) since V(-) is continuous. The path z(t, 2(0))
lies in the compact set C. Then there exist a point 2° in C' and a subse-

quence satisfying

21Note that the condition (iii) implies that the point z* is the unique equilibrium.
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(#) (z(ty,2(0))), ey such that x(t,,z(0)) — 2° and t, — oo as

UV — Q.

The relation:

lim 2(t,,z(0)) =2 = lim (¢t +t,,2(0))

= lim o(t,x(t, 2(0)))
tu,2(0)))

(
= z(t, lim z(t,,=(
= z(t,2%)

leads us to:

v = tlggo V(z(t,2(0)) = VILIEO V(z(t +t,,2(0)))
= V(lm z(t+t,,2(0)))

V—00

= V(x(t,z%)), Vt€[0,00). (5.14)

This implies that x° is an equilibrium by (c). This together with the
assumption (iii) and the relation (5.14), leads us to v* = 0. And thus we
obtain 20 = z*.

The above discussion can be applied to every converging subsequence of
satisfying (#) in x(¢,2(0)),t € [0,00). Then the path x(¢,z(0)) converges

to x*. g

573 UUOOODOOOOO

0000000000 Berge’s Maximum Theorem 0000 02200
000000DO00O0o0bO0oO0oobOOobO0o0oDOOooDoOooOoooooo
00o00oD0oo0oooDooooooooooooooooooogn
oooobO0obOOo0ooOOobOoboboOoooboooooboobooogooo
preknowledge 0000 O00O0ODOO0ODOODOODOOOOODOOO

000000 correspondence 00000000000 O0OOODOOODO

22000000000000Berge, C. (1963) Topological Spaces, Oliber & Boyd. 00
0000000000 0000dDover Publishing Inc. 0000000000
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00 5.2 0000 X,YOOOOOOOOoOOoOOoooy ODoooooooo
O000X OO YOOUDO ¢0000O0O (upper semi-continuous, u.s.c.)
oooooo

()0 2 X 00000¢(x) 0000000000020

()X 00000 z00000a%, v=1,2,... 0 200000000
0000000y €¢(a”),v=1,2,... 0000

(FyeY: ¢y —wyasv—o0) = yE o)

ooooooooo

0000XOO0YOOOO ¢ 00000 (lower semi-continuous, 1.s.c.)
000000z 0 XO0OOOOOOOyey(z)OO00O2",v=1,2,... 0
x000000000000000Y 0000 ¢ €¢(z), v=12,...
oooooo

Yy’ —yasv— oo

oooooobooog
o0 r:X-—-ydooooooboooroooooooooobooboo
oooobooogo

Maximum theorem. If ¢ is a continuous numerical func-
tion in X XY and ' is a continuous mapping of X into Y
such that, for each z, T'(x) # (), then the numerical func-
tion M defined by M(x) = max{¢(z,y) | y € T'(z)} is upper
semi-continuous in X and the mapping ® defined by ®(z) =
{y |y eT(x),d(x,y) = M(x)} is a u.s.c. mapping in X into
Y.

0000 Berge 0 “numerical function” 000000000000 0O0O0O
000000000 “mapping” 00O00000000O00OO

200 YOOODOOOOODOOOOOD (i) 00 ¢(x) 000000000000000
00()0000000000000000000000000000000
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Theorem 2. If ¢ is an upper semi-continuous numerical
function in X XY and T" is a u.s.c. mapping of X into Y
such that, for each x, T'(z) # 0, the numerical function M
defined by

M (z) = max{¢(z,y) | y € I'(x)}
1S upper semi-continuous.

oood
I.O¢OT ODuwsc. 00O00OD0OOOOUOOM(z) DODOODOOODOOO
oboooboooooboon

00000 0000000
OO0z € X 00000 yel(z) 0000000 Uy(xo), V(y) D00
000

(z,2) € Uy(xo) x V(y) = ¢(x,2) < ¢(x0,y) +¢

000000000 V(y),Uy(x) 00 yeD(z) 0000000000
ooo

O00I(zp) OOOOO0OOD0OO ws.c. mapping 000000000000
000000 V), ..., V(y,) 00000 I(z) 0000000000

00U (zo) & U, (20) 00 V(I(zo)) = U, V(y;) 00000000

x €U (x9),y € V(L'(z)) ODDODODO

P(x,y) = ieglaxn} d(xo,yi) +€ = M(xo) +¢

gooood

00000000 U(xg) DODOOOO

z € U(xo) = T'(z) C V(I'(0))
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O00O0OBerge UOODO0OO wsc. DOODOOOOODODOMMOOODODO

z € U(xo) NU (20) = M(z) = e o(x,y) £ M(xg) + ¢

oood

II.0 ¢0T' 0 lsc. 0OO0OOOOO0OOUOOM(x) D0ODOO0OOOOOO
oooobooboooooo

gboodb e0booogon

O0zxpe XOOOOMOOOOOODOOOO yoer(xo)DDDDDD
M(z0) — € < ¢(x0,Y0)

oood

O00¢() 0 Lse. 000000 (wo,50) 00000 U(a) x V(yo) D00
ooo

(a?,y) € U(xO) X V(yo) = ¢($,y) 2 ¢($0,y0) —€ 2 M(xO) — 2
ooodd

OOy € V(yo)NT(x) 000000V (yo)NT(x0) #0 0000T O Lsec.
00000000 U'(z) 00000

r e U (xg) = T(x)NV(yo) #0

OO000Berge 000000 lsce. O0OO0OOOOODOOOOOOOODO
gel(x)NV(y) D000 0z e U(xg)NU (o) DODOOD

M(z) = e o(z,y) 2 ¢(x,7) = M(xo) — 2¢

oood

II1. 00000
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O Theorem 2 O lower semi continuous O OO0 00 OO
oooooooog A

Alz) E{yeY | Mx) - ¢(z,y) S0}

000000000 =TNADO usc. OO0y



