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In this paper we consider a pre-test Stein-rule (SR) estimator for each individual regression coefficient 
when the null hypothesis in the pre-test is that the regression coefficient to be estimated is a zero.  We derive 
the explicit formula for the MSE of the pre-test SR estimator, and examine the MSE performance of the 
pre-test SR estimator by numerical evaluations.  Our numerical results show that using the null hypothesis 
that all the regression coefficients are zeros yields a better MSE performance than using the null hypothesis 
that the regression coefficient to be estimated is a zero.

1. Introduction

In the context of a linear regression, the Stein-rule (SR) estimator proposed by Stein (1956) 
and James and Stein (1961) dominates the ordinary least squares (OLS) estimator in terms of 
predictive mean squared error (PMSE) if the number of the regression coefficients is larger 
than or equal to three.  Though the SR estimator dominates the OLS estimator, Baranchik (1970) 
showed that the SR estimator is further dominated by the positive-part Stein-rule (PSR) esti-
mator.  As is shown in Judge and Bock (1978), the PSR estimator is considered as a pre-test 
estimator after a pre-test for the null hypothesis that all the regression coefficients are zeros.  If 
the SR estimator is used when the null hypothesis is rejected in the pre-test with an appropriate 
critical value, and if the regression coefficients are estimated as zeros when it is accepted, then 
the pre-test estimator is the PSR estimator.

Though the SR and PSR estimators dominate the OLS estimator when all the regression co-
efficients are estimated simultaneously, the dominance does not necessarily hold when each in-
dividual regression coefficient is estimated separately (e.g., Efron and Morris (1972) and Rao 
and Shinozaki (1978)).  Ohtani and Kozumi (1996) examined the MSE performance of the SR 
and PSR estimators when our concern is to estimate each individual regression coefficient, and 
showed that the SR and PSR estimators do not necessarily dominate the OLS estimator, while 
the MSE dominance of the PSR estimator over the SR estimator still holds.  Since they use the 
PSR estimator to estimate a particular regression coefficient, their null hypothesis in the pre-
test is that all the regression coefficients are zeros.  If our concern is to estimate a particular 
regression coefficient, then we should use the null hypothesis that the regression coefficient to 
be estimated is a zero.

In this paper, our goal is to estimate each individual regression coefficient separately, and we 
consider a pre-test SR estimator when the null hypothesis in the pre-test is that the regression 
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coefficient to be estimated is a zero. In section 2 we introduce the model and the estimators, 
and in section 3 we derive the explicit formula for the moments of the estimator. In section 4 
we examine the small sample properties of the estimators by numerical evaluations, using the 
explicit formula for the bias and MSE. Our numerical results show that even when our goal is 
to estimate each individual regression coefficient separately, using the null hypothesis that all 
the regression coefficients are zeros rather yields a better MSE performance than using the null 
hypothesis that the regression coefficient to be estimated is a zero.

2. Model and the estimators

Consider a linear regression model,

 (1)

where  is an  vector of observations on a dependent variable,  is an  matrix of full 
column rank of observations on nonstochastic independent variables,  is a  vector of re-
gression coefficients, and  is an  vector of normal error terms.

Following Judge and Yancey (1986, p. 11.), we reparameterize the model (1) and work with 
the following orthonormal counterpart:

 (2)

where  ,  , and  is the symmetric matrix such that 
 , where  . Then the ordinary least squares (OLS) estimator of  is

 (3)

In the context of reparameterized model, the Stein-rule (SR) estimator proposed by Stein (1956) 
is defined as

 (4)

where  and  is a constant such that  , where  . As 
shown by Stein (1956), the SR estimator dominates the OLS estimator in terms of predictive 
mean squared error (PMSE) when  . Also, James and Stein (1961) showed that the PMSE 
of the SR estimator is minimized when  . Thus, we use this value of  here-
after.

Although the SR estimator dominates the OLS estimator, Baranchik (1970) showed that the 
SR estimator is further dominated by the positive-part Stein-rule (PSR) estimator defined as
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 (5)

The PSR estimator is considered as a pre-test estimator:

 (6)

where  is an indicator function such that  if an event  occurs and  oth-
erwise,  is the test statistic for the null hypothesis against the 
alternative  , and  . Note that  is obtained by dividing  by the de-
grees of freedom of the numerator of the test statistic  (i.e.,  ). Regarding the PSR estimator, 
the pre-test is conducted simultaneously for   . Ohtani and Kozumi (1996) showed 
that the PSR estimator for each individual regression coefficient dominates the SR estimator in 
terms of MSE.  However, the PSR estimator pre-tests simultaneously for  even when 
our goal is to estimate the  th regression coefficient. Thus, we propose an alternative pre-
test SR estimator such that the pre-test is conducted individually. Let  be a  vector with 
known elements. If  is the  th row vector of  , the estimator  is the  th element of 
the SR estimator for  . Similarly, we consider the following pre-test estimator for the  th ele-
ment of :

 (7)

where  and  is a critical value of the pre-test. We call this estimator the 
pre-test SR (PTSR) estimator. Regarding the PTSR estimator, the pre-test is conducted for the 
null hypothesis  , where  is the  th element of  . We derive the explicit formula for 
the MSE of the PTSR estimator in the next section.

3. Moments of the estimator

In this section we derive the explicit formula for the MSE of the PTSR estimator. Since the 
elements of  are known, we assume that  without loss of generality. Then, the bias and 
MSE of the PTSR estimator are

 (8)

and
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 (9)

If we define the functions as

 (10)

 (11)

then the bias and the MSE of the PTSR estimator are written as

 (12)

 (13)

respectively.
As shown in the appendix, the explicit formulae for  and  are

 (14)

 (15)

where  ,  ,  , and

 (16)

where  , and  is the incomplete beta function ratio. See, for ex-
ample, Abramowitz and Stegun (1972) for the definitions and properties of the incomplete beta 
function ratio.

Using these formulae, we examine the sampling property of the PTSR estimator by numeri-
cal evaluations.
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4. Numerical analysis

Using the formula derived in the previous section, we examine the performance of the PTSR 
estimator by numerical evaluations.

The numerical evaluations were executed using the FORTRAN code. In calculating the 
integral in  given in (16), we used the Simpson’s 3/8 rule with 200 equal subdi-
visions. The double infinite series in  and  are judged to converge when 
the increment of series gets smaller than  . To compare the performances of the estima-
tors, we evaluated the values of relative bias and relative MSE, defined as  and 

 , where  is any estimator of  . Thus, the estimator  has smaller MSE 
than the OLS estimator when the value of the relative MSE is smaller than unity. From (13), 
(14) and (15), we can easily show that the relative MSE of the PTSR estimator depends on the 
values of  ,  ,  and  . Also, the relative bias of the PTSR estimator depends on the values 
of  ,  ,  and  . Thus, we use the following parameter values:  3, 5, 8,  20, 30, 40, 

 , where  is a constant between 0 and 1, and various values. In cal-
culating the biases of the estimators, we assume that  without loss of generality. For 
the purpose of comparison, we evaluated the relative MSE of the SR and PSR estimator using 
the formula derived in Ohtani and Kozumi (1996).

Since there is no theoretical information about the choice of the critical value of the pre-test 
of the PTSR estimator (i.e.,  ), we tried several values on  , and found that PTSR estimator 
has small MSE over a wide region of parameter space when  . Similar to the case 
of the PSR estimator,  is obtained by dividing  by the degrees of freedom of the numerator 
of the test statistic  (i.e., 1). Thus, we showed the results for  . Also, since the results 
for  and  are qualitatively typical, we do not show the results for the other cases.

Tables 1 and 2 show the relative biases and relative MSE’s for  and  . In Tables 1 
and 2 ‘SR’ indicates the usual SR estimator for the  th regression coefficient without any pre-
test, and ‘PSR’ the pre-test estimator after the pre-test for  (all coefficients are zeros). 
On the other hand, ‘PTSR’ is the pre-test estimator after the pre-test for  (only the 
 th coefficient is a zero). Although both the PSR estimator and the PTSR estimator are pre-test 
estimators based on the SR estimator, the null hypotheses in the pre-tests are different between 
the PTSR and PSR estimator.

From Table 1, we see that the PSR estimator has smaller absolute bias than the SR estima-
tor. However, the SR estimator has smaller absolute bias than the PTSR estimator.

We see from Table 2 that PTSR estimator has smaller MSE than the PSR estimator when 
both  and  are small.  However, the PSR estimator has smaller MSE than PTSR over 
a wide region of the parameter space. In particular, when  and  are not small (e.g., 

 and  ), the MSE of the PTSR estimator can be much larger than that of 
the PSR estimator. As a whole, the PSR estimator seems to have a better MSE performance 
than  .

This indicates that even if our concern is to estimate the  th regression coefficient as accu-
rate as possible, the null hypothesis  is preferable to the null hypothesis  .
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Appendix

We derive the formulae for  and  in the appendix. First, we derive the 
formula for  . Let  ,  and  . Then 

 ,  , where  ,  , and  is the 
noncentral chi-square distribution with  degrees of freedom and noncentrality parameter  . 
Also,  is distributed as the chi-square distribution with  degrees of freedom, and  ,  and 

 are mutually independent.
Using  ,  and  ,  is expressed as

 (17)

where

Table 1  Relative biases for  and  .

Estimator 0.5 3.0 10.0 50.0

SR

0.1 -0.116 -0.208 -0.204 -0.117

0.3 -0.201 -0.360 -0.353 -0.203

0.5 -0.259 -0.465 -0.456 -0.261

0.7 -0.306 -0.550 -0.540 -0.309

0.9 -0.347 -0.623 -0.612 -0.351

1.0 -0.366 -0.657 -0.645 -0.370

PSR

0.1 -0.104 -0.197 -0.203 -0.117

0.3 -0.181 -0.341 -0.351 -0.203

0.5 -0.234 -0.441 -0.453 -0.261

0.7 -0.276 -0.522 -0.537 -0.309

0.9 -0.313 -0.591 -0.608 -0.351

1.0 -0.330 -0.623 -0.641 -0.370

PTSR

0.1 -0.154 -0.350 -0.520 -0.402

0.3 -0.264 -0.554 -0.647 -0.222

0.5 -0.336 -0.660 -0.649 -0.262

0.7 -0.393 -0.725 -0.648 -0.309

0.9 -0.440 -0.770 -0.664 -0.351

1.0 -0.460 -0.788 -0.678 -0.370
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 (18)

and  .
Making use of the change of variables,  and  , the integral part in (17) 

reduces to

 (19)

Again, making use of the change of variable,  , (19) reduces to

 (20)

Table 2  Relative MSE’s for  and  .

Estimator 0.5 3.0 10.0 50.0

SR 0.1 0.471 0.582 0.753 0.933

0.3 0.521 0.762 0.952 1.002

0.5 0.571 0.942 1.150 1.070

0.7 0.621 1.122 1.349 1.139

0.9 0.670 1.301 1.547 1.208

1.0 0.695 1.391 1.646 1.242

PSR 0.1 0.370 0.537 0.749 0.933

0.3 0.408 0.691 0.942 1.002

0.5 0.447 0.845 1.135 1.070

0.7 0.485 0.998 1.328 1.139

0.9 0.523 1.152 1.520 1.208

1.0 0.543 1.229 1.617 1.242

PTSR 0.1 0.260 0.495 1.024 1.850

0.3 0.340 0.891 1.677 1.128

0.5 0.418 1.195 1.823 1.077

0.7 0.492 1.426 1.814 1.139

0.9 0.564 1.604 1.806 1.208

1.0 0.599 1.676 1.820 1.242
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Further, making use of the change of variables,  and  , the inte-
gral part in (20) reduces to

 

 (21)

where  is the incomplete beta function ratio. Finally, making use of the change of vari-
able,  , and performing some manipulations, we obtain (14) in the text.

Next, we derive the formula for  . Differentiating  given in (14) with re-
spect to  , we obtain

 (22)

where we may define  . Since  and  , we obtain

 (23)

Also, expressing  by  and  , we have

 (24)

where  is the density function of  and

 (25)

Differentiating (24) with respect to  and multiplying  from the left, we obtain
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 (26)

Equating (23) and (26), we obtain (15) in the text.
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